We present the results for three-loop beta-function for the Higgs self-coupling calculated within the unbroken phase of the Standard Model. We also provide the expression for three-loop beta-function of the Higgs mass parameter, which is obtained as a by-product of our main calculation. Our results coincide with that of recent paper arXiv:1303.2890. In addition, the expression for the Higgs field anomalous dimension is given.
The Higgs self-interaction coupling being the fundamental parameters of the Standard Model (SM) Lagrangian describes the interactions of Higgs field with itself and is strongly related to the Higgs mass via electroweak symmetry breaking. Having in mind the discovery of the Higgs boson [1, 2] the Higgs self-interaction coupling can be deduced directly from the experimental data. In order to obtain a very precise SM prediction for the running Higgs selfcoupling at some high energy scale, one usually uses value extracted from Higgs mass measurements around electroweak M Z scale. Objects of interest are scales up to the Planck mass, so one inevitably makes use of renormalization group equations (RGE) to connect these scales. The SM parameters in such a studies are usually defined in the minimal subtraction (MS) scheme, in which counter-terms and beta-functions have a very simple polynomial structure. One can use RGE for finding the scale where New Physics should enter the game, e.g., to unify the interactions or stabilize the Higgs potential [3, 4, 5, 6, 7, 8] .
One-and two-loop results for SM beta functions have been known for quite a long time [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and are summarized in [23] .
Not long ago full three-loop beta-functions for gauge couplings [24, 25] and Yukawa couplings [26] were calculated. The beta-functions for the Higgs selfcoupling and top Yukawa coupling were also considered at three loops [27] . However, in Ref. [27] all the electroweak couplings were neglected together with the Yukawa couplings of other SM fermions.
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In this paper, we provide the full analytical result for the three-loop betafunctions of the Higgs-self coupling λ and the Higgs mass parameter m 2 . We take into account all the interactions of the SM, restricting Yukawa sector to include only the heaviest fermion generation.
Let us briefly recall our notation. The full Lagrangian of the unbroken SM which was used in this calculation is given in our previous paper [25] . However, we do not keep the full flavor structure of Yukawa interactions but use the following simple Lagrangian which describes fermion-Higgs interactions and the Higgs field self-interaction
1 During the preparation of this paper, the authors of Ref. [27] extended their result and incorporate the dependence [28] on the electroweak gauge couplings and Yukawa couplings.
with Q = (t, b) L , and L = (ν τ , τ ) L being SU(2) doublets of left-handed fermions of the third generation, u R , t R , and τ R are the corresponding righthanded counter parts. The Higgs doublet Φ with Y W = 1 has the following decomposition in terms of the component fields:
Here a charge-conjugated Higgs doublet is introduced Φ c with Y W = −1. The Higgs self-coupling λ entering tree-level Higgs potential (3) is of our primary interest. We do not add a quadratic (mass) term m 2 Φ † Φ to the potential V H , since the running of the mass parameter m 2 can be deduced by considering renormalization of composite operator Φ † Φ. The treatment is essentially the same as in Ref. [27] . Some details can be found below.
For loop calculations it is convenient to define the following quantities:
where we use the SU(5) normalization of the U(1) gauge coupling g 1 . We also stress that the calculation is carried out in a general linear R ξ gauge, in which the vector boson propagators has the form
A minimal way to test gauge invariance at the end of calculation is to keep at most a single power ofξ Q , which corresponds to a first order expansion of the result around the Feynman gauge.
The λ beta-function is extracted from the corresponding renormalization constant which relates the bare coupling to the renormalized one in the MSscheme. The latter can be found, for example, with the help of the following formulae:
where Z hhhh , Z χχχχ , Z hhφ + φ − are the renormalization constants for the fourpoint vertices involving four components of the Higgs doublet Φ. The renormalization constant Z h = Z χ = Z φ ± = Z Φ can be found from the corresponding self-energy diagrams. It turns out that due to the gauge symmetry all Higgs doublet components renormalize in the same way. Moreover, the same reasoning can be applied to the considered Higgs vertices giving, e.g., Fig. 1 . Effectively, this trick is equivalent to the insertion of the local operator O 2Φ = Φ † Φ, as in Ref. [27] . The corresponding renormalization constant can be extracted from our results in the following way:
In order to extract a three-loop contribution to the considered renormalization constants, it is sufficient to know the two-loop results for the gauge and Yukawa couplings and the two-loop expression for the Higgs self-interaction. The relation between the bare and renormalized parameters can be written in the following way
where ρ k = 1 for the gauge and Yukawa constants, ρ k = 2 for the scalar quartic coupling constant, and ρ k = 0 for the gauge fixing parameters. The bare couplings are defined within the dimensionally regularized [29] theory with D = 4 − 2ǫ. The four-dimensional beta-functions, denoted by β i , are defined via i being the l-loop contribution to the beta-function for a i . The expression for β i can be extracted from the corresponding renormalization constants (9) with the help of
Here, again, a i stands for both the gauge couplings and the gauge-fixing. As in our previous work [30, 31, 32] all calculations were performed with FORM [33] , using FORM package COLOR [34] for evaluation of the color traces. Feynman integrals are evaluated by the method from Refs. [35, 36] and our own implementation of the Laporta's algorithm [37] in the form of the MATHEMATICA package BAMBA with the master integrals from Ref. [38] .
According to the prescription of Refs. [35, 36] , we introduce an auxiliary mass parameter M in all propagator denominators and perform an expansion in external momenta. Due to this, we only have to consider vacuum integrals with one mass scale. The subtlety of the method is related to the fact that one needs to introduce mass counter-terms for all the boson fields of the model, i.e., gauge and Higgs fields. Moreover, we have to consider diagrams with counter-term insertions for all the vertices of the model.
For dealing with a huge number of diagrams (see Table 1 ) instead of FeynArts [39] package, exploited in our recent studies [25, 26] , we use a program DIANA [40] , which calls QGRAF [41] to generate all diagrams. By means of a prepared script we map topologies generated by DIANA on previously defined auxiliary topology for IBP identities. The model file for the unbroken SM, used previously with FeynArts, was converted to the DIANA model format, which allow us to introduce vertex counter-terms in a convenient way. Most of these counter-terms were generated from the known two-loop renormalization constants for SM parameters and fields. We have calculated χχχχ and hhφ + φ − vertices and the obtained results are the same. The last vertex was used for the calculation of the β-function for the mass parameter. Both calculations were performed in the linear gauge (see Eq. (6)) and we keep only the first power ofξ Q . These results can be found online as ancillary files of the arXiv version of the paper. Since we are considering three-loop Green function with scalar external legs at zero external momenta it is easy to convince oneself (see, e.g., reasoning given in Refs. [42, 27, 25, 28] ) that the naive anticommuting prescription for the γ 5 matrix is sufficient for our current study.
As a result of our calculation we obtain the expressions for the three-loop Higgs self-coupling (14) and mass parameter (17) beta-functions (λ ≡ a λ ): with n G corresponding to the number of SM generations and ζ 3 = ζ(3). To save space we substitute all the color invariants by the corresponding values (C F = 4/3, N c = 3, C A = 3). These results with all color invariants can be found online as ancillary files of the arXiv version of the paper. In addition, we present the expression for the Higgs field anomalous dimension in the Landau gauge, which is usually adopted in the effective potential calculations [43, 44] 2 : 
It should be noted that the expressions for β λ and β m 2 are free from gauge-fixing parameters ξ G , ξ W and ξ B which are present in the renormalization constants for the considered Green functions. The one-and two-loop corrections are in a full agreement with Refs. [18, 22, 23, 42] . The contributions (14) and (17) coincide with the result of Refs. [27, 28] . In the limit of vanishing coupling constants a 1 , a 2 , a b , and a τ , the result for the Higgs field anomalous dimension coincides with the expression presented in Ref. [27] .
To conclude, in this paper we present the expressions for three-loop renormalization group quantities of the SM Higgs sector, i.e., β λ , β m 2 . Moreover, we provide the result for the anomalous dimension for the Higgs field. The former can be used in a study of high energy behaivoir of the SM parameters. The latter may be exploited in a more accurate analysis of the Higgs effective potential (see, e.g., Ref. [45, 46] ).
